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Abstract
The project aimed at modeling the squeeze-film air damping on a microresonator in
free-molecular regime in order to construct a reliable model for microresonator
performance estimation and to understand the gas-wall interactions of molecules. To
conduct the analysis, Molecular Dynamics (MD) simulation was implemented to
emulate the movement of gas molecules and the interaction between them with the
resonator. Energy loss of the beam was recorded to compute the quality factor of the
microresonator. By comparing the quality factor computed with existing models and
experimental data, it was found that the MD simulation results could estimate the
squeeze film damping effect much accurately than the existing models and a good
agreement was achieved between the simulation results and the experiment. It was also
proved that for diffuse reflection, when the beam was moving, the total kinetic energy
of collisions was not conserved on average and the collisions were inelastic as a whole.
Further study found that as the gas-wall interaction mechanism changed, the trend of
the number of collisions in a vibration period was similar to each other.
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List of symbols
m

{3 = 2kT

is a parameter defining the speed of molecule

M

is the kinetic energy change of the beam per collision

beam

Mmolecule

is the kinetic energy change of the molecules per collision

I'l¢b~am is the kinetic energy change of the beam per unit area per unit time on average

I'l¢,~olecule is the kinetic energy change of the molecules per unit area per unit time on

average
Ebeam

is the maximum energy of the microresonator during vibration at an instant

Edamping

is the total energy loss of the beam by air damping in a period

k is the Boltzmann constant

Kn is the Knusden number

Le is the characteristic length
A is the mean-free path
m is the mass of the molecule

n is the number density of gas in equilibrium

Q is the quality factor of the microresonator
s=

Jiiu is the dimensionless speed of the beam resonator

Tis the temperature of the environment
u is the velocity of the beam
v is the velocity component
Vi

is the velocity of the incident molecule

Vr

is the velocity of the reflected molecule
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1. Introduction
Electrically driven microresonator is a type of micro-electro-mechanical (MEMS)
devices which can resonate upon application of alternating voltages at its resonance
frequency. A variety of shapes of microresonators are available such as beam, disk, etc.
such as the one in Figure 1. These microresonators mainly composed of the resonator,
the substrate and a squeeze film in between. They were used in a variety of applications
such as sensors and transducers.

Figure 1 An example of disk mircoresonator [1]

As sensors, the resolution often depends critically on energy dissipation. To predict its
performance and therefore to design better devices, it is necessary to understand the
mechanism of the resonance and the energy loss from the resonator in terms of fluid
damping, anchor loss, thermal-elastic loss and internal friction loss. Damping by fluid
is the energy loss to the fluid molecules during vibration which strike on the resonator
to induce an energy loss. Anchor loss is the dissipation of strain energy through the
anchor of the resonator to the ground connection during vibration. Thermal-elastic loss
is the energy loss as a consequence of the loss of material elasticity by thermal currents
and internal friction loss is the energy loss due to the movement of the planes along the
microscopic dislocations. In air, even in low vacuum, the damping effect is dominated
by fluid damping, as demonstrated by many experiments, for example, Sumali' s
experiment.

Sumali's experiment

In Sumali's experiment [2], a microresonator was examined to observe its air damping
effect in the free-molecular regime. A testing structure was manufactured such that the
beam resonator was always in parallel with the substrate during operation as shown in
Figure 2.
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Figure 2 Experimental set-up in Sumali's experiment
From the expeliment, it could be observed that in the free-molecular regime as 10 < Kn
< 1000, the quality factor was inversely proportional to the pressure in the sUlToundings

as indicated in Figure 3. It could be seen that in the low vacuum regime, the air
damping was still significant and the effect would only be compensated by other energy
loss mechanisms when Kn > 1000.
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Figure 3 Sumali's experiment results comparing to other models
Up to the present, various models were introduced to estimate the energy loss of the
micro resonator. Several models which are appropriate to describe its behavior in the
free-molecular regime are introduced as follows.

Christian's model
Christian [3] proposed a model which aimed at modeling the damping of an oscillating
vane or fibre vacuum gauge. Assuming the molecules to be under elastic collision and

5

considering the pressure difference between the two-sides of the surface, a quality
factor of a moving plane in an open environment was recommended. However, the
model did not account for any squeeze film effect and it was found that in general, the
molecules tended not to reflect specularly [4].

Bao's model

Bao [5] assumed the presence of a squeeze film between a substrate and the vibrating
beam microresonator to derive an analytical solution. Despite the squeeze film analysis,
the model failed to account for the diffuse reflection mechanism of molecules which is
more common in MEMS devices as collisions in the model were assumed to be
completely specular.

Martin's model

Martin [6] recommended the use of an intermediate reflection model for the analysis to
compute the quality factor with reflection mechanism in between specular and diffuse
reflection. For molecules reflected under diffuse reflection, they were assumed to be
coming from a hypothetical gas reservoir in mechanical and thermal equilibrium with
the solid wall. By assuming the resonator to be an isolated beam, the relationship
between the veloCity of the beam and the momentum transferred to the beam by
molecules was found and hence the force on the beam at any instant of vibration was
introduced.

Notwithstanding a thorough qualitative understanding on the energy loss mechanism,
no accurate model on the damping effect was proposed for general cases. In spite of the
effort, because of the absence of a concrete theory in the air damping effect, errors were
found between the analytical models and the experiments. In order to give a
fundamental understanding of the energy loss and an accurate modeling and design tool
for the microresonator on the damping issue, our project aimed at modeling the
squeeze-film air damping on a beam microresonator shown in Figure 4 in a low
pressure environment i.e. free-molecular regime.
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Figure 4 Physical model of the simulation project
As the low vacuum environment was assumed, fluid continuum model becomes invalid
due to significant gas rarefaction effect. In addition, multiple bombardments of
molecules due to their collisions between the substrate and the beam hinder the
possibility to introduce an analytical solution. Thereafter a molecular approach was
introduced to compute the solution for the problem. To conduct the analysis, various
existing models and an experimental result were used to compare our results computed
by Molecular Dynamics (MD) simulation.

To conduct the MD simulation, assumptions were applied to the physical model in
Figure 4. In the model, the whole system was assumed to be in isothermal state with
equilibrium air outside the region under the beam representing the squeeze-film. The
amplitude of the vibration of the whole beam was assumed to be a perfect sine function
which went upwards in the beginning and the beam was assumed to be non-deformable.
From the existing models described below, it could be assumed that the air damping
effect in the region between the beam and the substrate was much larger than that of the
one above the beam and only the air damping effect within the squeeze film would be
considered. Since the state of air molecules in the region under the beam was not
defined, molecules in equilibrium were assumed to be entering the beam at the side of
the squeeze film. For simplicity, the molecules were assumed to be monatomic atoms.

2. Theory
Quality factor
The performance of microresonators can be defined by the quality factor.

Q

=

27rEbeam
Edamping

(1)
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The coefficient 2n is to multiply Ebeam to a period so that it is in the same unit as that of
Edampillg'

Higher quality factor implies lower energy loss. Hence researches are in

progress to maximize Q of a microresonator [7].

Free molecular regime
The free molecular regime is defined by a pressure range leading to a dimensionless
Knusden number greater than or equa11 0 as defined in (2).

A
Kn= Lc

(2)

In the free molecular regime, it is assumed that the interactions between molecules can
be neglected because the mean free path A. between them is too large for any significant
interactions and in the simulation, only interactions between gas molecules and wall
were needed to be considered.

Gas-surface interaction
The gas-surface interaction can be modeled using probability distribution functions. In
the simulation, as the position and velocity of the molecule before collision is known,
only the velocity distribution functions to define the reflected velocity has to be known
in order to emulate the gas-wall interaction of molecules. The functions are usually
given by the reflection mechanism which two main types were suggested by Maxwell
[8]; specular reflection and diffuse reflection.

Specular and diffuse reflection
Specular reflection implies that molecules will be reflected as if an elastic collision
relative to the wall and the post-collision velocity of the colliding molecules is directly
dependent on the pre-collision condition. In diffuse reflection, by Maxwell [8], the
reflected molecules will be directed away from the gas with its velocity vector same as
if the incident molecule is situated in a gas in thermal and mechanical equilibrium with
the solid. The velocity vector of the reflecting molecule thereafter is only dependent on
the thermal and mechanical properties of the wall and is independent of the precollision velocity vector of the molecule. From the analytical models, a microresonator
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operating without squeeze film would induce more energy loss under specular
reflection than diffuse reflection.

Maxwell-Boltzmann and Maxwell-Stream distribution functions

One way to simulate diffuse reflection is using Maxwell-Boltzmann(MB) and
Maxwell-Stream(MS) distribution. Under diffuse reflection, the velocity should follow
the thermal and mechanical equilibrium of the solid surface. MB distribution can be
assumed in this case. For 1-D MB distribution, this can be defined as (6). [9]
(6)
For velocity vector components normal to the surface, to direct the molecule away from
the wall, it is defined by MS distribution as (7). [9]
MS(v)

m

= -ve

In

--v

2

2kT

kT

(7)

These distributions are computed by invertible distribution method [10] to transform
the pseudo random uniformly distributed numbers in (0, 1) to these functions. The
velocity v in (7) and (8) in gas-wall interaction is considered as the relative velocity to
the resonator.

3. Methodology
To estimate the quality factor of a beam microresonator, a molecular approach
simulation molecular dynamics was used. To implement the simulation, it was assumed
that there was no anchor from the beam resonator to the substrate and the displacement
of the whole beam resonator was emulated by a sinusoidal function. It was also
assumed that there was no energy loss other than the one induced by air damping. The
result was verified by comparing it with existing models and experiments.

Molecular dynamics (MD) simulation

MD simulation is a technique to compute the equilibrium and transport properties of a
classical many-body system [11]. In another words, the molecules concerned by this
technique are assumed to follow the classical mechanics.
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In the simulation, the molecular dynamics simulation was first implemented by setting
the parameters of the simulation environment such as the dimension of the environment
and the universal gas constant. Afterwards, the number of time divisions per period was
defined which each time division acted as a time unit for the simulation.

At the beginning of each time division, position and velocity components of molecules
entering the squeeze film from the boundary as shown in Figure 4 were defined
according to the definition of the equilibrium reservoir around the beam. The molecules
were moved to collide with the beam or the substrate until they escaped the squeeze
film.

The time of collision was used to trace the trajectory of the molecules within the region
so that the velocity of the beam during collision was known. If the molecule had
collided with the beam, the velocity components would be defined again according to
the reflection mechanism and the velocity of the beam. Kinetic energy change of the
molecules was recorded as the energy loss of the beam. The simulation was shifted to
the next time division when all molecules entering the vibration region in the time
division had left the region. The quality factor was obtained when a period of
simulation was completed. A flowchart of the simulation was shown in the appendix.

Timejlow of the simulation

After confirming the three dimensional space, the time space of the simulation had to
be defined. Two means were recommended for the time flow as follows.

Periodic time flow

By assuming the periodic time flow, the simulation was assumed to be conducted for an
infinite amount of time and would to be continued for an infinite amount of time. All
these periods would be considered as identical one as the operation of the device should
have come to the steady state. In this case, only one period of the operation of the
device would be investigated. The timeline in Figure 5 exemplified the time flow.
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Figure 5 Timeline for periodic time flow

Despite the efficiency of the operation, the periodic time flow induced problems when
diffuse reflection was implemented for squeeze-film damping. In diffuse reflection, as
the horizontal velocity of the molecules would be changed for each collision, infinite
collisions in squeeze film might occur. To resolve the problem, a time flow called
equilibrium initiation was introduced.

Equilibrium initiation

Equilibrium initiation was a time flow set up which the device in the simulation would
be at rest with the surrounding gas at equilibrium in the beginning of the simulation as
illustrated in the timeline in Figure 6. The device would be started and allowed to
operate for several periods until quasi-steady state was reached. One round of
simulation required several periods to be completed. Averaging of data for these
periods was conducted to examine whether steady state was reached.
Start of device: gas
in squeeze film no
longer In equlllbirum
00

Gas of
surroundings In
equilibrium

Begin simulation

A period of
operation

Terminate simulation
at defined number of
periods

Figure 6 Timeline for equilibirum initiation time flow

The setting addressed the problem of infinite collisions as the movement of molecules
was constrained in terms of time. To avert infinite loop of simulation, equilibrium
initiation time flow was used for the squeeze-film simulation. Nevertheless, the
simulation was much more time-consuming as more periods of simulation were needed
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to complete one round of simulation. The other issue of the time flow definition was
that the number of periods required for it to come to the quasi-steady state could not be
defined before simulation and initial guesses had to be made.

Comparison method: the product of quality factor and pressure
As it is well-known that the product of quality factor and pressure in the free-molecular
regime is a constant [2, 3, 5], the parameter was utilized in the discussion to compare
the simulation results, the experimental data and other analytical models.

Convergence control
In the simulation, several inputs had to be controlled in order to reach convergent
results. Two were the pressure and the size of a time division within a period. These
variables controlled the number of molecules entering the squeeze film per division.
Round-off errors might be resulted if the number of molecules generated per time
division was too small. The other variable was the time step of molecular movement. A
large time step might speed up the simulation but induced error in collision time
computation. This might lead to divergent results as the beam movement would be too
discrete to model vibration. The last one was the random number generator. It had to be
one with a long non-repeatable period for random number generation. Otherwise the
velocity of molecules, highly dependent of velocity distribution function, might not be
described correctly and would misrepresent the boundary condition and the reflection
mechanisms.

4. Results and discussion
By implementing the MD simulation, cases with or without squeeze film were studied,
which were compared with the corresponding models and experiments for
interpretation.

Cases without squeeze film
The purpose of the cases was to verify the collision computation of the MD simulation
and to confirm the validity of the reflection by analytical models. They were conducted
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by assuming an infinite beam and periodic time flow. A surface reservoir [12] was used
to engender molecules corning towards the beam in the normal direction at a distance
equal to 4 times the height of the beam and cases with complete specular and diffuse
reflection were investigated. The parameters were shown in the appendix.

Specular case and Christian's model

Since the model environment could perfectly describe the Christian's model, they were
compared with each other and one could obtain Figure 7 by simulation.
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Figure 7 Simulation result of specular case against Christian's model

When quantified, it was discovered that the analytical solution and the simulation result
differed by 0.36%. It could be seen that the deviation was insignificant, suggesting a
close correlation between the two. As the assumptions of the two models were exactly
the same, the coincidences of the two results were expected.
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Diffuse case and Martin's model
The case was compared with Martin's model which gave an analytical result of
complete diffuse reflection of a free space damping beam. Further analytical derivation
was completed for its verification. The results were summarized in Table 1.

Table 1 Summary of data for diffuse case
Martin's model Simulation results
19
4.9610 X 10- 19
Energy damped per period (J) 4.9744 x 10Percentage difference

-0.27%

To obtain the simulation result, the following assumption was found to be invalid:
diffuse reflection would lead to the total conservation of the kinetic energy upon
multiple collisions on average. Hence, the energy change of the beam should be
calculated through the work done by the molecular impact force, not from the kinetic
energy change of gas molecules. Martin's model were found to be matching well with
the simulated energy change per collision of the beam computed by the work done by
the impact force, as stated in (8), revealed in Table 1.
(8)
The simulated energy change of the molecule per collision, agreed well with the
analytical solution originated from the energy change of the molecule per collision, as
stated in (9), with a percentage difference 2.08%.
MlIlolecl/le

m 2
2
=2(Vr -VI)

(9)

Further studies revealed that on average, when the beam is moving at a non-zero
velocity u, there is a difference between the energy change of the beam calculated from
the momentum change of the colliding molecules and the one derived from their kinetic
energy changes. For illustration, an analytical expression stated in (10) was derived as
the difference between the kinetic energy change of the beam and the kinetic energy
change of the colliding molecules when the beam was moving at a velocity u.
E

E

~<l>bealll -~<l>lIlolecl/le

mns
=--3

4/1 -2

S2

2
1
(se[(s +-)(1+erf s))+ J;

2

~

]

(10)
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The expression in (10) revealed that when the beam was stationary, the assumption of
the conservation of total kinetic energy on average was valid. However, as the beam
moves, difference between the two emerges and the assumption becomes invalid. One
significant example was discovered when the analytical solutions computed from the (8)
and (9) respectively could deviate from each other by 28.6%.

Cases with squeeze film damping
For the case of squeeze film damping, Sumali's experimental environment were input
with surface generation reservoir inserted molecules into the squeeze film from the
boundary in each time division. The simulation was implemented by equilibrium
initiation. Despite the air damping dominating range to be 10 < Kn < 1000, since
computational effOlt was very demanding, Kn = 1.21 x 10-5 were opted for.

40 rounds were computed in specular case and 48 rounds were completed in diffuse
case. For convergence, 15 periods were simulated for each round. They were plotted in
Figure 8 and Figure 9 to illustrate the convergence.

QF'PRES for squeeze film air damping under specular refleciton by kinetic energy change
of the beam
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Figure 8 The convergence analysis for specular case with squeeze film damping
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QF"PRES for squeeze film air damping under diffuse reflection by kinetic
energy change of the beam
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Figure 9 The convergence analysis for diffuse case with squeeze film damping

To minimize the effect of the transient state performance to the results, data were
sampled by considering quality factor of all periods except the ones from the first three
periods so that only data in the quasi-steady state would be analyzed. The results were
numerated in Table 2 together with Sumali's experimental data for comparison.

Table 2 QF x Pressure (torr) data of various models
Sumali's experiment
Bao's model
Specular case
QF x Plessure (ton)

331

2376

380

Diffuse case
385

In spite of a higher energy loss of specular case than the diffuse case in free space

damping, the data in Table 2 suggested similarity in the energy loss by both reflection
mechanisms as their values differed by 1.41 %. Studies were conducted in the number
of collisions the reflection mechanism induced in the squeeze film during vibration,
which was plotted in Figure 10.
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Average number of collisions occuring at some time instants
within a period (in one time division of simulation)
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Figure 10 Illustration of the number of collisions within a period of vibration
(magnified x-scale)
It was found that specular reflection, in general, resulted in more collisions than the

diffuse reflection. It could also been seen that the trend of the number of collisions in
both the diffuse and the specular case in quasi-steady state, assumed to be reached after
three period of vibration, was similar to that of the free space damping [4]. It was
maximized when the beam was moving downwards at its maximum speed and was
minimized when the beam was moving upwards at its maximum speed. Nonetheless, its
analytical solution remained unclear and the effects of other variables to the trend
remained unknown.

As mentioned in [7], Bao's model induced a large difference to the experimental data
comparing to other models due to its assumption on constant patiicle velocity, constant
change in patiicle velocity and constant beam position. Though the results of the
simulation showed a much closer value to Sumali's experiment than Bao's theory, a
13.49% and a 15.11 % difference was observed for the specular case and the diffuse
case respectively, revealing the underestimation of the energy loss by the simulation
model. Hypotheses for the reason were discussed below.
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One of the factors may lead to the discrepancies between the simulation and the
experiment might lie to the failure in simulating the amplitude of the movement of the
beam in the experiment. In the experiment, the beam displacement was initiated by a
vertical random movement of the substrate. In the simulation, the energy loss per
collision was closely related to the velocity of the beam which was modeled as a
sinusoidal function with constant amplitude. Further evidence was found in [7] showing
an increasing trend of dissipation energy from the microresonator as amplitude was
increased. Thereafter failure to model the displacement may be a consequence of
inaccuracy of the model.

The other one may lie into the unknown implication of the intermediate reflection
model to the squeeze film damping. Although free space damping models suggest a
greater energy loss for specular case than the diffuse one, the study on the simulation
found that different reflection mechanisms could lead to the same amount of energy
loss. Since a majority of gas-wall interaction is in between specular and diffuse
reflection [4], a lower or higher quality factor may be resulted for these cases. Should it
be studied, a better estimation of quality factor might be able to be obtained.

5. Conclusion
To conclude, MD simulation could estimate the squeeze film damping much accurately
than the existing models in the free-molecular regime. A good agreement was achieved
between the simulation results and the experimental data. It was also found that both
specular case and diffuse case gave similar result in the squeeze film damping. It could
also be known that when the beam was in motion, in diffuse reflection case, the
collisions on average were inelastic, unlike in stationary situation which the collisions
were on average elastic. Further study should be conducted to include the deformation
of the microresonator and the effect of intermediate reflection model to the air damping
effect to understand their impact to the accuracy of estimation.
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Appendix
Table At Parameters for simulation case without squeeze film
Pressure (torr)

5 X 10-:>

Amplitude (/-Lm)

0.1

Frequency (MHz)

5

Temperature (K)

273

Time division per period

1875

Table A2 Parameters for simulation case with squeeze film
Pressure (torr)

1 x 10-4

Amplitude (/-Lm)

0.1

Frequency (kHz)

16.91

Temperature (K)

295

Time division per period

12500

~
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Figure A2 Flowchart of MD simulation
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